A modified Landau-Teller equation for vibrational relaxation in the condensed phase is proposed. This equation differs from previous approaches by accounting for the fluctuations of the energies of the vibrational levels that result from the interactions with the surroundings ͑bath͒. In the conventional approach the effects of the bath are only included in the coupling between the relaxing and accepting vibrational modes. It is shown that the additional inclusion of the fluctuations of the energy levels can lead to a dramatic change of the vibrational relaxation rate.
I. INTRODUCTION
In vibrational relaxation the energy of an excited vibration is transferred to a combination of lower-frequency vibrations and/or other degrees of freedom. In polyatomic atomic molecules, these lower energy degrees of freedom are often formed by a few strongly coupled, lower-frequency intramolecular vibrational modes. [1] [2] [3] The sum of the frequencies of these strongly coupled intramolecular modes is in general not exactly equal to the frequency of the relaxing mode. This energy difference has to be compensated, because vibrational relaxation can only take place if the energy is conserved. Hence, in general the relaxation process also involves the excitation or deexcitation of additional lowfrequency intermolecular modes that are often denoted as bath modes. These bath modes thus play an essential role in the vibrational relaxation, although the energy accepted or provided by these modes is in general very small compared to the energy of the relaxing vibration. In the condensed phase, there are many different types of low-frequency intermolecular modes that can assist in the vibrational relaxation process. Clearly, in the gas phase most of these modes will be missing, which explains why for small molecules vibrational relaxation in the gas phase is orders of magnitude slower than in the condensed phase.
The rate of bath-assisted vibrational relaxation can be calculated in a perturbative approach using a Landau-Teller formulation of Fermi's Golden Rule. 4 In this description, the relaxation rate is proportional to the time-correlation function of the fluctuating coupling between the relaxing and accepting vibrational modes. The energy mismatch between these modes is then compensated by the appropriate frequency of the coupling. The fluctuations follow from the dependence of the coupling on particular bath modes. For instance, they can result from changes in the solvation structure or in the molecular conformation. 5 As a result, the rate of vibrational energy transfer can give information on conformational molecular dynamics.
The interactions with the bath not only affect the coupling between the relaxing and the accepting modes, they also lead to fluctuations of the energies of these modes and thereby to pure dephasing of the vibrational transitions.
These fluctuations can assist in vibrational relaxation by decreasing the energy difference between the interacting levels. Recently, the effects of the fluctuations of the energy levels have been calculated for the CH stretch vibration of liquid chloroform 6 and the OH stretch vibration of liquid methanol. 7 In these studies, the relaxation rate was calculated in a nonperturbative approach by numerical integration of the time-dependent Schrödinger equation. In this paper, we propose to describe the effects of energy fluctuations on vibrational relaxation with a modified expression of the Landau-Teller equation. To this extent, we derive an alternative form of this equation that contains terms representing the energy fluctuations of the interacting levels.
II. THEORETICAL MODEL

A. General description of vibrational relaxation
For a molecule in the condensed phase the Hamiltonian is given by
with H S the vibrational Hamiltonian of the molecule, H B the Hamiltonian of the bath, V SA the anharmonic coupling of the molecular vibrations, and V SB the coupling between the molecular vibrations and the bath. The coupling V SB depends on both the vibrational and the bath coordinates. The couplings V SA and V SB can lead to vibrational energy relaxation.
In the treatments of Lawrence and Skinner 8-10 and Rey and Hynes, 11, 12 the vibrational states are anharmonic eigenstates, which implies that these states include the effect of the anharmonic coupling V SA . This approach has as an important consequence that vibrational relaxation can result from an interaction V SB that is only of first or second order in the vibrational normal mode coordinates. In the treatment of Lawrence and Skinner, the Hamiltonian of the system includes the average effect of the condensed phase environment on the energies of the vibrational eigenstates of H S . Hence, the states ͉ i ͘ and ͉ f ͘ are eigenstates of the Hamiltonian H 0 ϭH S ϩV SA ϩ͗͗V SB ͘͘ b , where ͗͗V SB ͘͘ b denotes a bath average of V SB . In addition, Lawrence and Skinner account for the average effect of V SB in the Hamiltonian of the bath, by including V SB at the mean values of the coordinates ͕q͖ of the molecular vibrations. Hence, in this treatment V SB (͕q nn ͖), with q nn ϭ͗ n ͉q͉ n ͘, is added to the bath Hamiltonian. If the vibrational system is anharmonic, the mean vibrational coordinates ͕q nn ͖ and the bath Hamiltoninan will be dependent on the occupied vibrational state ͉ n ͘.
The vibrational states thus depend on the bath, because they are eigenfunctions of H 0 ϭH S ϩV SA ϩ͗͗V SB ͘͘ b , and the bath in turn depends on the occupied vibrational state because the bath Hamiltonian depends on the values of ͕q nn ͖. Therefore, given the nature of the vibrational state ͉ i ͘, H 0 and H B are to be determined in an iterative manner. 8, 9 In the present treatment, we will follow Lawrence and Skinner in including the bath average of V SB in the system Hamiltonian, but we will not include V SB (͕q nn ͖) in the Hamiltonian of the bath.
The effect of the character of the vibrational state on the bath states and energies will be discussed in detail in Sec. II C.
The relaxation of an excited vibration ͉ i ͘ can be described with Fermi's Golden Rule that is derived from firstorder time-dependent perturbation theory. If ͉ i ͘ and ͉ f ͘ are eigenstates of the Hamiltonian H 0 , vibrational relaxation results from the coupling V SB Ј ϭV SB Ϫ͗͗V SB ͘͘ b . Using Fermi's Golden Rule, the rate of transfer from the initial level ͉ i ͘ to other vibrational states ͉ f ͘ is given by
with ib and f c denoting bath states, Z B the reservoir partition function, and E ib and E f c the initial and final state energies, corresponding to the states ͉ i ͉͘ ib ͘ and ͉ f ͉͘ f c ͘, respectively. The delta function in Eq. ͑2͒ can be Fourier transformed giving
͑3͒
B. Conventional approach to the influence of the bath
The energies E ib and E f c can be written as E ib ϭE i0 ϩE b , and E f c ϭE f 0 ϩE c , with the energies E i0 and E f 0 eigenenergies of H S ϩV SA ϩ͗͗V SB ͘͘ b , and the energies E b and E c eigenenergies of H B . If we define ប⌬ i f ϭE i0 ϪE f 0 , and rewrite Eq. ͑3͒ in the Heisenberg representation we obtain 
can be written as 
C. Extended description of the influence of the bath
The Golden Rule expression of Eq. ͑2͒ and the subsequent equations are derived under the assumption that the coupling V SB Ј does not have diagonal matrix elements, i.e.,
sumed to be zero. Clearly, this assumption is not always valid. For instance, in molecular collisions 13 and nonadiabatic electronic transitions 14 the diagonal terms can play an important role and the diagonal matrix elements have to be retained in the theoretical description. In the condensed phase, the system-bath coupling is known to lead to pure dephasing, which implies that the coupling V SB Ј has nonzero diagonal matrix elements that lead to fluctuations in the energies of the vibrational states. In the following, we will show that these fluctuations can play an important role in vibrational relaxation, and we derive a modified Golden Rule expression and Landau-Teller equation in which the effects of the energy fluctuations of the vibrational levels are included.
Starting point of the derivation is the time-dependent Schrödinger equation iប‫ץ‬⌿(t)/‫ץ‬tϭH⌿(t), with ⌿(t) ϭ ͚ i,b c ib i ib . Following the renormalized treatment of Lawrence and Skinner, the i states are the eigenfunctions of the Hamiltonian H 0 ϭH S ϩV SA ϩ͗͗V SB ͘͘ b , with eigenenergies E i0 . This implies that the perturbation mixing the states
͑6͒
Substitution of c f c (t)ϭb f c (t)e ϪiE f c t/ប and multiplication of both sides with e iE f c t/ប gives
͑7͒
In many cases, the last term is assumed to be zero, and the replacement of the coefficients b ib (t) by the amplitudes of the occupied vibrational/bath states eventually leads to the Fermi's Golden Rule expression of Eq. ͑2͒. Here we will
deriving a modified version of Fermi's Golden Rule ͑FGR͒ using first-order perturbation theory. We de-
represents the amplitude of an occupied vibrational/bath states. Substitution of these expressions and multiplication of both sides with
a f c (t) with its complex conjugate, and neglect all cross 
This equation is similar to the Golden Rule expression of Eq.
͑2͒, but differs in the energies contained in the ␦ function. The ␦ function now contains additional energy terms ប␦ f c and ប␦ ib that were absent before. Equation ͑10͒, can be Fourier transformed giving
͑11͒
If we now use that E ib ϭE i0 ϩE b and E f c ϭE f 0 ϩE c , and that
tential energy terms in the bath coordinates. In an adiabatic picture, the energies of the states ͉ i ͘ and ͉ f ͘ depend parametrically on the bath coordinates, thus determining the de-
should be noted that these terms represent a different contribution to the bath Hamiltonian than the interaction V SB evaluated at the mean value of the vibrational coordinates that was included in the renormalized bath Hamiltonian in the treatment of Lawrence and Skinner. 8, 9 For instance, if the states ͉ i ͘ and ͉ f ͘ would be harmonic, the terms
a strongly different dependence on the bath coordinates. An important characteristic of Eq. ͑12͒ is that the bath Hamiltonians contained in the exponential factors
whereas in all previous treatments these bath Hamiltonians are the same ͓see Eq. ͑5͔͒. We will show that the difference between the bath Hamiltonians contained in the exponential factors of Eq. ͑12͒ can have a strong effect on the vibrational relaxation rate.
Ϫi͐ 0
we can transform Eq. ͑14͒ into
notes a time-ordered exponential.
D. Interpretation
In Eq. ͑16͒ the two different fluctuations induced by the bath can easily be recognized. In the first place, the interactions with the bath lead to fluctuations of the anharmonic coupling characterized by the correlation function 
If the coupling V SB Ј only has diagonal elements in the zeroorder states ͉ i0 ͘ and ͉ f 0 ͘, the coupling matrix element
When the coupling V SB Ј leads to a compensation of the energy difference
This implies that the coupling V SB Ј has tuned the states i and f into resonance, thereby making the anharmonic interaction effective in making the transition. Hence, a large transition rate is expected. However, in the conventional formulation of Eq. ͑5͒, the relaxation rate will remain small, because this equation contains a factor e i⌬ i f t representing the original energy difference between the two states in the absence of the coupling V SB Ј . In contrast, the additional time-dependent exponential terms e 0 Therefore, Eq. ͑16͒ indeed accounts for the expected increase in relaxation rate when the levels i and f are tuned into resonance by V SB Ј .
Often vibrational relaxation is described using states that are eigenstates of the system Hamiltonian without anharmonic coupling. 18 Then the states i and f are product states of normal mode wave functions. In that case, the states can be coupled both by the anharmonic interaction and by the fluctuating part of the system-bath coupling. In the conventional description of Eq. ͑5͒, this means that the anharmonic coupling must be dependent on the bath coordinates to compensate for the energy mismatch ប⌬ i f . Since the anharmonic coupling is an intramolecular interaction, its dependence on the bath coordinates is expected to be small. In Eq. ͑16͒ the energy mismatch ប⌬ i f can be compensated by the fluctuations of the energies of i and f , which implies that following this equation, vibrational relaxation can result from the relatively large time-independent part of the anharmonic coupling.
E. Calculation of the relaxation rate using molecular dynamics simulations
The vibrational relaxation rate T 1
Ϫ1 is the sum of the rates k i f where f denotes all possible final states ͉ f ͘ to which the initial state ͉ i ͘ can relax. In most molecular dynamics simulations, the rates k i f are calculated using a classical description of the bath. Hence, the quantum correlation functions of Eqs. ͑5͒ and ͑16͒ are to be replaced by classical correlation functions that can be evaluated with molecular dynamics simulations. However, a classical correlation function is a symmetric function in time, whereas the quantum correlation functions of Eqs. ͑5͒ and ͑16͒ are not symmetric. This has two important consequences. First, the relaxation rates no longer fulfill detailed balance: k f i ϭk i f e Ϫប⌬ i f /kT . Second, the use of classical correlation functions in general leads to an underestimation of the relaxation rate, especially at high frequencies. 19 Hence, the replacement of the quantum correlation function by a classical function should be accompanied by the addition of a so-called quantum correction factor ͑QCF͒, as a result of which the relaxation rate k i f fulfills detailed balance and acquires the correct value at high frequencies.
The precise form of the QCF depends on the physics of the relaxation process. Another consequence of the evaluation of the correlation functions with classical molecular dynamics simulations is that the time evolution of the bath states, as expressed by e ϪiH B t/ប , is assumed not to be affected by the terms 
. Moreover, since the fluctuations are assumed not to affect the time evolution of the bath states, the time-ordered exponential can be replaced by an ordinary exponential. By substituting the quantum correlation functions for classical functions and a QCF, and by writing the time-ordered exponential functions as one ordinary exponential, the following expression for the relaxation rate is obtained: 
III. DISCUSSION
The exponential functions representing the fluctuations of the energy levels will have no effect on the relaxation sumed to be uncorrelated. Using cumulant expansions 21 we obtain
͑19͒
Often it is assumed that the correlation function decays as
with c,mn a correlation time constant expressing the time scale of the fluctuations. The parameter ប⌬ mn represents the range over which the energy is modulated. The use of Eq. ͑20͒ implies that there are no memory effects in the bath correlation function: the correlation function of Eq. ͑20͒ only depends on the time difference t 1 Ϫt 2 , and not on the absolute values of t 1 and t 2 . It should be noted that this Markovian treatment can only be applied when the bath correlation time constant c is shorter than T 1 . If the bath fluctuations would be extremely slow ( c ϾT 1 ), the system is inhomogeneous on the time scale of the relaxation. This means that T 1 depends on the phase relation between the bath states ͉ ib ͘, because this phase relation determines where the relaxing system resides in the inhomogeneous distribution at the moment of relaxation. Hence, for c ϾT 1 , the cross terms of the bath states ͉ ib ͘ can no longer be neglected in Eq. ͑9͒ and T 1 will depend on bath correlation functions that have memory for the initial phase relation of the bath states. In contrast, if c ϽT 1 , the relaxing system samples all positions in the inhomogeneous distribution before relaxation occurs, with the result that the relaxation no longer depends on the initialphase relation of the bath states. Substitution of Eq. ͑20͒ in Eq. ͑19͒ and solving the integrals in the exponent gives
It follows from Eq. ͑21͒ that the relative importance of the fluctuations in the energies and in the coupling will be determined by the relative magnitudes of the bath correlation time constants c,ii , c, f f , and c,i f , the frequency ranges D ii , D f f , and D i f , and the detuning ⌬ i f . In Fig. 1 When D c Ӷ1, the difference between the solid and the dashed curve vanishes ͓Fig. 1͑a͔͒. In this limit, Eq. ͑21͒ simplifies to
with T 2,mm ϭ(⌬ mm 2 c,mm ) Ϫ1 . When D c Ӷ1, the fluctuations of the energy levels are in the limit of motional narrowing.
As a result, the broadening induced by the fluctuations is negligible compared to the width of the Fourier transform of the correlation function. Hence, the fluctuations do not contribute to the vibrational relaxation rate, and the compensation of the detuning ⌬ i f has to result from the correlation Even for D c ӷ1 the difference between the dashed and the solid curves vanishes for ⌬ i f →ϱ. The origin of this effect is that for D c ӷ1 the spectral broadening of the energy levels has a Gaussian shape, whereas the spectrum of
Gaussian decays much faster as a function of frequency than a Lorentzian, the spectral amplitude of the fluctuations of the energy levels is negligibly small for large ⌬ i f compared to the spectral amplitude of ͗͗V SB,i f
very large detunings (⌬ i f Ͼ10D) can only be compensated by fluctuations of the coupling, and not by fluctuations of the energy levels. It should be noted, however, that this effect is a consequence of the description of the bath-induced fluctuations as Gaussian processes. If this description is not valid, the fluctuations of the energy levels may also affect the vibrational relaxation rate at large values of the detuning. Figure 1 shows that the relaxation rate becomes large for ⌬ i f →0, especially for D c ӷ1 ͓Fig. 1͑d͔͒. However, in the limit of small detuning, the perturbative approach that is used in deriving Eqs. ͑5͒ and ͑16͒ will be no longer valid. For small detuning, the relaxing and accepting vibrational states will become strongly mixed, and the relaxation process has to be calculated with a nonperturbative approach, for instance, by numerical integration of the time-dependent Schrödinger equation. 6, 7, 9, 10 Recently, this approach has been used to calculate the effects of energy-level fluctuations on the relaxation of the OH stretch vibration of liquid methanol 7 and the CH stretch vibration of liquid chloroform. 6 For liquid methanol, it was found that the energy-level fluctuations can indeed lead to strong mixing and avoided crossings of the interacting vibrational levels, thus leading to state-to-state relaxation rates that strongly differ from the rates predicted by the conventional Landau-Teller equation. 7 Interestingly, for chloroform the energy-level fluctuations do not lead to a strong mixing of the CH stretch vibration and its accepting modes, because the fluctuations are strongly correlated. 6 Hence, for this vibration the nonperturbative approach and the conventional Landau-Teller expression gave similar results. The method of numerically integrating the timedependent Schrödinger equation has as a clear advantage over the perturbative Landau-Teller approach that it can describe vibrational relaxation in the limit that the interacting levels become strongly mixed. Disadvantages of this method are that the detailed balance is not conserved, 6, 9, 10 that the quantum correction factor cannot be included, and that the ͑classical͒ bath cannot respond to a change in the vibrational state of the relaxing molecule. 7 It follows from Fig. 1 that energy-level fluctuations can affect vibrational relaxation over a wide range of detunings: the effects remain significant up to ten times the spectral range of the fluctuations. Especially for hydrogen-bonded systems the spectral range of the fluctuations can be quite large. For instance, for H 2 O and HDO:D 2 O, the fluctuations in the hydrogen-bond length lead to a spectral range of the OH-stretch vibration of ϳ200 cm Ϫ1 and a frequency correlation function with a dominant time constant of ϳ500 fs. 22, 23 This implies that D c ӷ1, so that the energy fluctuations are expected to play an important role for relaxation channels of the OH stretch vibration with energy gaps up to ϳ2000 cm Ϫ1 . The effect of the energy fluctuations on the relaxation rate can be estimated for these systems, assuming that the fluctuations of the coupling have a similar spectral range and correlation time constant. For the relaxation of the OH stretch vibration of HDO:D 2 O to the overtone of the OH bending mode ͑energy gap ϳ600 cm Ϫ1 ͒, the fluctuations of the OH stretch vibrational frequency are thus expected to lead to an increase of the relaxation rate by a factor of 10. For the relaxation of the OH stretch vibration of HDO:D 2 O to the OD stretch vibration ͑energy gap ϳ900 cm Ϫ1 ͒, an increase by a factor of 3 is expected.
IV. CONCLUSIONS
Vibrational relaxation strongly depends on the presence of interactions between the relaxing molecule and its surroundings, because these interactions lead to fluctuations that compensate the energy mismatch between the interacting vibrational states. In the conventional description of vibrational relaxation, the fluctuations enter via the time dependence of the coupling connecting the relaxing and accepting vibrational states. Here we propose an extension of the influence of the interactions with the bath by incorporating also the fluctuations of the energy levels of the vibrational states. This results in the modified Landau-Teller expression shown in Eq. ͑16͒. The fluctuations of the energy levels can lead to a strong increase of the relaxation rate by tuning the relaxing level in resonance with the accepting level.
The Landau-Teller equation ͑16͒ contains both the fluctuating coupling and terms representing the fluctuations of the energies of the initial and the final states of the relaxation process. This equation can be transformed into Eq. ͑18͒ that contains classical correlation functions and can be evaluated using molecular dynamics simulations.
The relative importance of the fluctuations of the energy levels and the coupling strongly depend on the time scale and amplitude of the fluctuations. If the fluctuations are fast, which implies that the correlation time of the bath is short, the fluctuations of the energy levels are in the motional narrowing limit and the effect of these fluctuations on the relaxation becomes negligible. If the fluctuations are slow, they have a strong effect on the relaxation rate, leading to a decrease of this rate if the detuning is smaller than the spectral range of the fluctuations, and an increase of the vibrational relaxation rate if the detuning is larger than this range. We find that the fluctuations of the energy levels can lead to a tenfold increase of the vibrational relaxation rate, if the fluctuations of the coupling and the energy levels are Gauss-Markov processes with the same spectral width and correlation time.
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